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DERIVATION OF RATE EQUATIONS FOR A THEORETICAL MODEL FOR THE PROPOSED
KINETIC PATHWAY FOR REGULATION OF LDL RECEPTOR METABOLISM IN

FIBROBLAST CELLS

Paul W. CHUN

Note: The references cited herein are listed on pages 195 and 196 of BPC 00907a

On day 7, skin fibroblasts are incubated for 5 h
at 37°C with varying concentrations of '*I-LDL.
In the presence of LDL in the steady state, k_
will be much larger than k,, and k.4, while k,
approaches zero. At a constant rate of synthesis,
eq. 1 becomes eq. 2. The internalized receptor-LDL
complex, [R™L], may be expressed as

d[R™L]
dt

multiplying both sides by e
f’d[R‘“L]e"“S*"d)’ =f’kL[R5L]e““J*"d’dt (A1)
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With a proper substitution, eq. A1 becomes

[R™L] = [R'L] = [R°L]pe™ %" kar}

ky
(k_y+k ){
+[RML]ge™ *-rthar (A2)

On day 7 at initial time, r=0, [R™L]=0, and
[R*L], = 0. After 3 h of incubation with '>’I-LDL
at 37°C, the system establishes a dynamic equi-
librium, The amount of '>I-LDL bound to the
receptor, [R°L], and the amount of >*I-LDL con-
tained within the cell, [R™L], remain relatively
constant. Thus, the equilibrium relationship be-
tween [R™L] and [R*L] under the steady-state con-
ditions may be expressed as

k [R°L]

=G5

k [L] ki[A]

where [R'L]=——[R*] and [R']=

(A3)

Cell surface binding, internalization, and de-
gradation of '”I-LDL at 37°C as a function of
I31.LDL concentration may be expressed as fol-
lows:

% [R°L)e*+" = k,[R*][L] e*+" which yields (A4)

[ReL] —[R°L]ge %' = kz[l-]

([R]=[Re 1)

(As)
at +=0, [R’L}=0 and [R*],=[R’], in which eq.
AS becomes

e =288 (R reje) (A6)

Substitution of eq. A6 into eq. A4 under steady-
state conditions yields

[RmL]= kZ[L]

m{[RS]—[RS]OE"‘L’} (A7)

Cell surface receptor concentration, [R*], may be
evaluated from eq. 2.

d[r]

5 = ki[A] =k [Re][L] +k _4[R™L]
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Substituting eq. A7 into this expression, it is possi-
ble to solve for the linear differential equation,

d[rR°] ko[Llkg ooy

[ 2=t
_[#alLlk-s
Multiply both sides by e“, where a =

[k,[Llky/(k_;+ kq)]. Then solve for [R’], the
surface receptor concentration.

j;tde“'[R“]

[R]e™"! (A8)

- [/{klate vy O
(A9)

_e—u,)_ kZ[L]k—3
(k_y+kg)(a—ky)

X [RS]O(e_k"' _ e—ur) + [Rsloe—ul
Eq. A9 may be used to evaluate surface receptor
concentration (eq. 3).
The concentration of cell surface receptor-LDL
complex, [R°L], may be evaluated from eq. A6
with a proper substitution of eq. A9 (eq. 4).
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The concentration of internalized [R™L], may
be expressed as

ky[L] [k [A]
(k_3+ky) { a (

[R™L] = 1-e)

Tk s tka)(a—ky)

ka[L1k_s

[RS]O(e_k"' _ e*ul)

+[R e~ [R e

noting that [R*] from eq. A9 was substituted into
eq. A7. Thus,

m k [L] kl[A] —ar
k cE]-;] [Rsl (efkl_t e—ul)}

(A11)

Under steady-state conditions,

k[L] (K [A] ot
= 1—e 4
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Fig. 6. Cell surface receptor.binding and distribution of endo-
cytotic species in a steady state in human fibroblasts as a
function of '*I-LDL concentration. (O) Heparin-resistant
fraction, (®) surface receptor-bound LDL; these experimental
data were taken from fig. 1A and B of ref. 37. These plots were
generated based on five differential equations in which the
concentrations [R™L], (R°L], and [R®] were solved using the
Runge-Kutta approximation. The best known kinetic parame-
ters were used to simulate eq. 1.
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while under non-steady state conditions,

k,[L] ki[A] Car
[D]=(k_3+kd){ a e

kZ[L]_kL s —kyt —ai

——a:TL*“[R]o(E —e )}

x (1 — e~ *d PLy) (A13)

Eqgs. A9-Al1 (egs. 3-5) were used to evaluate
the endocytotic species distributions as a function
of time. Appropriate statistical tests were per-
formed to evaluate the global goodness of fit of
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the R? value of each data point taken from Brown
and Goldstein’s experiment (fig. 1A and B of refs.
35 and 37). ’

It is now possible to evaluate all of the rate
constants using eqgs. A10 and A11, using the data
reported by Brown and Goldstein in the steady
state shown in tabular form below, within error
limits of +10%. A unit of '*I-LDL binding activ-
ity is expressed as that activity that will bind 1 ng
IZL.LDL per mg cell protein after 5 h of incuba-
tion. 1 pg/ml LDL = 0.33 nmol. 1 pg protein,/ml
LDL =1.414 nM LDL =42.86 (pg/ml) LDL.

LDL LDL R°L R™L
(pg protein/ml) (nM)  (ng/mg) (ng/mg)

10 1414 68 590

25 3636 96 850

50 7071 125 930
100 14143 164 1250
150 21214 185 1350
200 282.86 192 1380

This simulation is based on two papers by
Brown and Goldstein, one of which reported re-
sults (fig. 1A and B of ref. 37) in terms of ug
protein per ml LDL and the second (fig. 1 of ref.
35) in terms of pg per ml LDL, although the
results are identical. Our simulation considered

Fig. 7. The kinetic plots shown here and in figs. 8-10 were generated by the numerical solution of five differential equations of eq. 1,
using the Runge-Kutta approximation method based on the kinetic parameters evaluated from egs. 3-5. k,=0.025 and [LLDL]

concentration varied from 10 to 200 ug protein/ml. &k, = 24.0, k5P = 0.005.
k[A] R™ R R'L R"L D
d[R™
[dt ] (6.0) —(k_m+ k) km 0 k_s3 0
- (10.05) (0.1) (1.50)
s
d[th ] 0 ko — (ke + ky[LD 0 0 0
10.0) —(0.35—5.1)
d[R°L
—Ld"] 0 0 ko[L] —ky 0 0
0.25 - 5,0) —(24.0)
d“:tL] 0 0 0 ky (k3 +ky) 0
(24.0) —(1.505)
d[D
—[d,—] 0 Koy 0 0 kP 0
(0.05) (0.005)
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Fig. 8. See legend to fig. 7.

both types of units. The simulation of cell surface
receptor binding [R°L], internalization {R™L], and
concentration of surface receptor [R°] in terms of
pg protein per ml LDL are shown in fig. 6. In this
instance, the best known kinetic parameters were
used to simulate five differential equations which
were then solved using the Runge-Kutta ap-
proximation method. These simulated curves are
in quite good agreement with experimentally ob-
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Fig. 9. See legend to fig. 7.
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Fig. 10. See legend 10 fig. 7.

tained values [37], which were apparently mea-
sured when the system was in a steady state at the
end of a 5 h period.

No matter which unitary measure was used in
the simulation, the resultant data suggest the iden-
tical conclusion — that the degradation of LDL
and the build-up of cholesterol apparently do not
affect the down-regulation of receptor synthesis.

Figs. 7-10 show the macromolecular distribu-
tion of the endocytotic species of the LDL-recep-
tor complex as a function of time, for several fixed
concentrations of LDL. Values for R®, R"L, and
R'L at the steady state were used in simulating fig.
6, and gave a good fit to Brown and Goldstein’s
data [37]. The macroscopic endocytotic species
distribution reaches a steady-state level within 1 h
in every case, although LDL concentration varied
from 10 to 200 pg protein/ml. The hump which
appears at concentrations up to 75 pg protein,/ml
gradually disappears at higher protein concentra-
tions, and is probably due to the translocation of
receptors from intracellular compartments to the
cell surface and to the effects of washing. Under
steady-state conditions, after the cells have been
incubated in the presence of LDL for 5 h, the time
required for a receptor to traverse the entire endo-
cytotic pathway is about 60 min.



